Negative norm Hilbert space state vectors can be BRST invariant, we show in a simplified Y-M model that such states can be created by starting with gluons only.
Faddeev and Slavnov [1] pointed out that BRST [2, 3] invariance alone is not sufficient for a Y-M type theory to be physically admissible since "physical" states that are annihilated by the generators of BRST transformation may have negative norm. They emphasized the need for additional investigation of the BRST-singlet sector. By using a second quantized F-P [4] model I find that the transition amplitude from an initial BRST singlet of positive norm to a final state of negative norm is different from zero. There is no barrier to the production of states of negative norm.
The minimal Y-M Lagrangian for gluons, ghosts and antighost fields is
(1)
The lowest order transition amplitude from an initial state with two gluons to a final ghost, anti-ghost state requires two types of Feynman diagrams. The one, with two gluonghost vertices gives the amplitude
The other, which has one gluon-ghost and a three gluon vertex, gives
where C abc are the structure constants of the group SU(n). Repeated indices are summed.
The incident gluon momenta, polarization and color indices respectively are
The ghost, antighost momenta, and color indices are p 1 , b 1 ; p 2 , b 2 . A common feature of ghost production amplitudes is their gauge dependence, this will be seen later to follow directly from BRST invariance. The replacement ε(k) → ε(k) + λk changes the sum of (6) and (7), whereas ghost free amplitudes are invariant under this residual gauge transformation.
From the anticommutation relations of ghost and antighost fields it follows that the final state in this process
has zero norm if p 1 = p 2 . Whereas for smeared ghost, antighost states Ψ ′ = dp 1 dp 2 f (p 1 )g(p 2 )c
the norm is
A negative norm results when b 1 = b 2 for an appreciable overlap of the two momentum distribution f and g. Therefore the sum of (6) and (7), with p 1 = p 2 , is the amplitudes of a zero norm vector in Fock space.
The amplitude in Eq. (7) is ambiguous for p 1 → p 2 since then k 1 → k 2 → p 2 . We avoid this by including a gluon in the final state with momenta, polarization and color index
To obtain all amplitudes of order g 3 requires the quartic and cubic gluon-gluon vertices as well as a gluon-ghost interaction. For b 1 = b 2 = b the amplitude which involves the quartic vertex vanishes. For p 1 = p 2 = p the diagram that has three gluon-ghost vertices gives
where all repeated indices except b are summed. In order to show that the product of the three structure constant in Eq.(11) does not vanish identically it is convenient to sum over b, and we obtain C a 1 a 2 a 3 .
For the same process, the amplitude that contains a gluon-ghost and the cubic gluon interaction gives
and since
it follows that the products of the structure constants is not zero for every a 1 , a 2 , a 3 and b.
Eqs. (12) and (13) give the transition amplitude to a ghost, antighost state of negative norm.
Just as in the previous example the answer is gauge dependent.
In covariant gauges, the gauge independence of transition amplitudes between physical states is known to follow from BRST symmetry, in contrast to this the transition amplitude from physical states to ghost states depends on the gauge. The gauge dependence in Eqs. (6), (7), (11) and (12) is a non-perturbative result arising the BRST invariance of physical wave functions. For instance, for an infinitesimal BRST transformation δ,
from which it follows that
where In both cases that were dealt with above the initial state has positive norm, therefore the final state will be a Hilbert space superposition of positive and zero norm states in the first case. Even though the latter are not observable they can not be ignored completely unless they are orthogonal to physical states of positive norm. In the second example we find that production of ghost-antighost states of negative norm is not prohibited.
